We present detailed derivations, various improvements and application to concrete experimental data of spin squeezing inequalities formulated recently by some of us ͓Phys. Rev. Lett. 95, 120502 ͑2005͔͒. These inequalities generalize the concept of the spin squeezing parameter and provide necessary and sufficient conditions for genuine two-, or three-qubit entanglement for symmetric states, and sufficient condition for general N-qubit states. We apply our method to theoretical study of Dicke states, and, in particular, to W states of N qubits. Then, we analyze the recently experimentally generated seven-and eight-ion W states ͓Nature 438, 643 ͑2005͔͒. we also present some details concerning this experiment. Finally, we improve criteria for detection of genuine tripartite entanglement based on entanglement witnesses.
I. INTRODUCTION
Experimental generation and characterization of entanglement on macroscopic or mesoscopic scales seem to be one of the necessary prerequisites of scalable quantum information processing. A spectacular progress has been achieved recently in the area of quantum correlated systems of atoms and, in particular, macroscopic atomic ensembles ͓1͔. The main goal of these studies is to achieve an efficient quantum interface between light and atoms with spin, or pseudospin internal states, using the generalized quantum Faraday effect. Such settings already allowed one to demonstrate entanglement of distant atomic objects ͓2͔, or deterministic memory for light ͓3͔ that can be retrieved using quantum teleportation ͓4͔. Entanglement between light and atoms, and between atoms themselves plays, of course, essential role in these experiments.
It worth stressing that the light-atoms interface based on using the quantum Faraday effect does not only allow one to measure and detect atomic states. It also provides a tool for manipulations and engineering of quantum fluctuations of atomic spins. The latter possibility might be of fundamental importance for the future implementations of distributed quantum information processing. In particular, the methods of atomic ensembles can be carried over to another rapidly developing area of ultracold atomic gases. Here, the interest would be to measure characterize, and finally, engineer quantum fluctuations of the total atomic spin in spinor ultracold gases ͑for a review see ͓5͔͒ that has been intensively studied since the seminal theory papers of Ho ͓6͔ and Ohmi and Machida ͓7͔, as well as the experiments performed by the MIT group on optically trapped sodium Bose-Einstein condensates ͑BEC͒ ͓8͔. Particularly interesting are prospects of applications of these methods to strongly correlated states of spin ultracold gases in optical lattices ͓9͔.
Yet another rapidly developing related area is that of quantum information processing with trapped ions. After the first works, in which the three-and four-ion GHZ state ͓10͔ and three-ion W and GHZ states ͓11͔ have been generated ͓12͔, in recent experiments the tomography of six-, seven-, and eight-ion W states has been performed ͓13͔, and the six-ion GHZ state has been generated ͓14͔.
The problem of characterization of the generated forms of multipartite entanglement ͓15͔, or more generally, of characterization of many-body quantum correlations is thus of essential importance for the investigations of such mesoscopic systems. One of the possible ways to achieve it, is to measure the total spin ͑or pseudospin͒ of atoms ͑or ions͒ and its quantum fluctuations, which is, of course, possible by performing state tomography. The central role in this approach, applied to atomic ensembles, has been played thus far by the, so-called spin-squeezing parameter 2 , introduced by Kitagawa and Ueda ͓16͔. As it was shown in Refs. ͓17,18͔, it provides a sufficient entanglement criterion for atomic ensembles. On top of that, 2 is particularly appreciated by experimentalists since: ͑i͒ it has a clear physical meaning, ͑ii͒ it can be relatively easy measured, ͑iii͒ it is defined by a simple operational expression, and ͑iv͒ it provides a figure of merit for atomic clocks. However, until our recent Letter ͓19͔ no further investigations to relate 2 to other concepts of quantum information have been carried out.
The present work is a substantially extended version of Ref. ͓19͔ . Apart from the expanded theoretical analysis, we present here a detailed description of the ion-trap experiment of Ref. ͓13͔, to which output we apply our inequalities.
Let us first recall that in Ref. ͓19͔ we have generalized and connected the concept of spin-squeezing parameters to the theory of entanglement witnesses ͓20͔, i.e., such observables W that have non-negative averages for all separable states and there exists an entangled state such that tr͑ W͒ Ͻ 0. In order to derive the generalized spin-squeezing inequalities, we have proposed a general method of expressing state averages of the appropriate entanglement witnesses in terms of the macroscopic spin operators
͑we work in the units ប =1͒. Here by i we denote Pauli matrices, indices a , b , c. . . enumerate the particles of the en-semble, and a i = i 1 1. . .â . . .N ͑hat over the index denotes that it is omitted͒. It is worth recalling at this place that in the standard terminology ͓16͔ a state of a spin-J system is called spin squeezed if there exists a direction n, orthogonal to the mean spin ͗J͘, such that 2 = 2͗⌬J n 2 ͘ J
Ͻ1, ͑2͒
where J n = n · J. Our method works as follows: we begin with considering symmetric states of N qubits first, i.e., states that satisfy
where P is an orthogonal projector onto the symmetrized product of individual qubit spaces H s = Sym͑C 2 ¯ C 2 ͒ ͑Sym denotes symmetrization͒. It is known that for symmetric states of two and three qubits the necessary and sufficient condition for separability of a quantum state is equivalent to the positivity of partial transpose ͑PPT͒ of the state. For two qubits, the PPT condition is, in fact, the necessary and sufficient condition for separability of arbitrary ͑also nonsymmetric͒ states ͓21͔; for symmetric states of three qubits this result has been shown in Ref. ͓22͔ . The knowledge of the necessary and sufficient separability criterion allows us to derive the complete families of generalized spin squeezing inequalities, which provide necessary and sufficient conditions for genuine two-, or three-qubit entanglement for symmetric states.
Our inequalities at the same time provide a sufficient condition for entanglement of general, i.e., not necessarily symmetric, states of N qubits ͓23͔. The results of Ref. ͓19͔ imply also that, if we somewhat broaden the standard notion of spin squeezing ͑2͒, then for spin-J systems represented as a collection of 2J qubits, spin squeezing becomes equivalent to the bipartite entanglement among the qubits ͑see also ͓18͔ where the implication in one direction was obtained͒. We also derive and discuss improved with respect to Ref. ͓19͔ versions of somewhat simpler spin squeezing inequalities that provide sufficient conditions for genuine three-qubit entanglement.
To prepare the necessary data for the analysis of the output of the experiment from Ref. ͓13͔, as well as to show how to obtain our inequalities for concrete purposes, we present in this paper a very explicit derivation of the inequalities for the, so-called Dicke states ͓24͔, sometimes also called generalized W states. We show step by step how to derive the inequalities probing genuine two-and three-qubit entanglement of this states. We also calculate all the necessary data for checking seven-and eight-qubit W states, which are of particular interest for us.
In the part of our work dedicated to the experiment, we present a detailed description and analysis of the experimental production and state tomography of six-, seven-, and eight-particle W states of trapped ions, first reported in Ref.
͓13͔. Here, we describe the details of the production of the states in an ion trap, dedicated to quantum information processing ͓25͔. We explain the step-by-step generation algorithm that was implemented in the experiment. We then explain how the state tomography was performed and show the full reconstructed density matrix of the seven-qubit W state. We analyze the experimental imperfections as well. Finally, we apply our spin-squeezing inequalities to the experimental data to confirm the presence of two-and three-qubit entanglement in the generated states.
Let us stress that all of the proposed novel inequalities, analogously as the previously known squeezing parameter: ͑i͒ have a clear physical meaning in terms of generalized squeezing and entanglement conditions, ͑ii͒ can be relatively easy measured, and ͑iii͒ are given by complex but elementary expressions. Although in this paper we apply our theoretical tools to a fully restored density matrix from Ref. ͓13͔, it is very important to understand that these tools require measurements of low-order moments of the total spin fluctuations only. Hence, checking of our inequalities can be relatively directly performed in large systems, such as atomic ensembles, where, in general, quantum tomography is not feasible.
We also note that recently Tóth et al. have also derived various types of entanglement criteria based on entanglement witnesses and on the uncertainty of collective observables, such as the total spin or energy ͓26͔. These criteria are useful to detect the, so-called cluster states and many-body singlet states, but they may also be used to detect the Dicke states discussed in this paper.
The work is organized as follows: in Secs. II and III we revise the derivation of two-and three-qubit entanglement criteria. We give some calculational details as well as correct versions of Eq. ͑17͒-͑19͒ from Ref. ͓19͔ . These results are very general and apply to any system of qubits in any state: from few ions through atomic ensembles to ultracold spinor gases. In Sec. IV, we specify our inequalities to a concrete example of experimentally accessible Dicke states and show how to construct our criteria in this case. In particular, we provide here explicit data for the case of seven-and eightqubit W states, preparing the input data for the analysis of the experiment of Ref. ͓13͔. Section V is devoted to a detailed description of this experiment. We apply here our inequalities to the analysis of the output of this experiment, confirming the presence of two-and three-qubit entanglement. Section VI is dedicated to the construction of simplified witnesses detecting genuine three-qubit entanglement, improving the similar witnesses we constructed earlier in Ref. ͓19͔ . The simplified witnesses, unfortunately, are not very useful for W states, since they detect entanglement only for a low number of qubits. That is why we do not use them for analysis of the experimental data of Ref. ͓13͔. We summarize our results in Sec. VII.
II. DETECTION OF BIPARTITE ENTANGLEMENT
In this section, we present a detailed derivation of generalized squeezing inequalities that detect two-qubit entanglement. The aim is to use the quantum fluctuations of the total spin, whose low moments can be relatively easily measured, as an indicator of entanglement. The results obtained in this section, as well as the method itself, have a very general character and can be used for arbitrary systems of qubits in any quantum state.
Let us recall that a multiqubit state possesses two-qubit entanglement if for some qubits a and b the reduced density matrix
is entangled. The PPT criterion ͓21͔ implies that ab is entangled if and only if there exists a vector ͉͘ such that
where transpose is defined with respect to the standard basis ͉0͘, ͉1͘. As we can take any eigenvector of ab T 1 corresponding to a negative eigenvalue.
According to our general strategy, we first consider symmetric states, as then we can obtain a convenient parametrization of ͉͘. In the two-qubit case, we can take advantage of the low dimensionality and use the explicit form of ab T 1 . Let us first fix the basis of each qubit space by z ͉0͘ = ͉0͘, z ͉1͘ =−͉1͘. Then, we have that
where ⑀ 0 , ⑀ 1 , ⑀ 2 , R. It is easy to check that vectors of the type
are preserved by T 1 , and, since they have three independent parameters ͓we take them to be normalized, although it is not important for the condition ͑5͔͒, it is possible to find a solution of the eigenvalue equation. Hence, the negative eigenvalue vector in the inequality ͑5͒ must be of this form. From Eq. ͑7͒, it follows that the matrix ͓͔ of coefficients of ͉͘ is hermitian
͑8͒
and hence, we can diagonalize it by some Ũ SU͑2͒ ͓modulo U͑1͒ phase rotation͔
Note that due to the normalization of ͉͘, the eigenvalue matrix ⌬ can be put in the following form:
Rewriting Eq. ͑8͒ explicitly in the basis and using Eq. ͑10͒, we finally obtain the following parametrization from Ref.
where U = Ũ T , and we have fixed the overall phase. The parameters , ␤ , ␥ from the decomposition ͑7͒ are now encoded into and U. Using the above parametrization inequality ͑5͒ takes the following form:
In order to rewrite the condition ͑12͒ with the total spin operators ͑1͒, we first recall that ͉ 0 ͗͘ 0 ͉ T 1 can be decomposed into Pauli matrices, as it was done in Ref. ͓19͔. Then, the adjoint action of SU͑2͒ in the inequality ͑12͒ induces a SO͑3͒ rotation R of the Pauli matrices: U i U † = R i j j ͑here and throughout the work we sum over the repeated indices͒. We will denote the axes of the rotated frame by k , l , n.
Since in the symmetric case we currently consider all the reductions ab are of the same form, we can sum the inequalities ͑12͒ over all pairs of qubits:
, without affecting the inequality sign. However, before we do so, we extend ͉͉͗͘ T 1 from the space of the qubits ab to the full Hilbert space of N qubits by:
Now we can plug the Pauli matrix decomposition of ͉͉͗͘
into Eq. ͑13͒, and using the identity,
obtain the desired form of the condition ͑5͒, i.e., a symmetric state possesses bipartite entanglement if and only if there exist − ഛ ഛ and U SU͑2͒ / U͑1͒, such that the following inequality holds:
where all the averages are taken with respect to the full state . In case of a general, i.e., not necessarily symmetric, state observe that, if there exist − ഛ ഛ and U SU͑2͒ / U͑1͒ the same for all pairs of qubits, and such that the sum ͑13͒ is negative, then there must be at least one pair ab for which tr ab ͑ ab ͉͉͗͘ T 1 ͒ Ͻ 0, and, hence, the state possesses bipartite entanglement. Thus, the condition ͑15͒ is also a sufficient condition for bipartite entanglement for general states.
For a given negative eigenvalue vector ͉͘, the left-hand side of the inequality ͑15͒ is completely determined. However, we can also treat it as a function of the parameters of ͉͘, and as such it can be optimized. In particular, keeping the frame k , l , n fixed, we can search for the minimum with respect to . Let us call this minimum 0 . Clearly, if the inequality ͑15͒ is satisfied for some , then it will be also satisfied for 0 , and vice versa. Hence, it is enough to check the condition ͑15͒ only for 0 . Performing the minimization, we obtain that
and the inequality ͑15͒ becomes
͑18͒
As a result, we arrive at the following ͓19͔:
Criterion for bipartite entanglement. If there exist mutually orthogonal directions k, l, n such that the inequality ͑18͒ holds, then the state possesses bipartite entanglement. For symmetric states the above condition is both necessary and sufficient.
In the latter case, due to the equality,
the criterion ͑18͒ can be simplified to
The relation of the criterion ͑18͒ to the standard spinsqueezing condition ͑2͒ is the following. Spin-J state can be equivalently represented as a symmetric state of N =2J qubits. Intuitively, spin squeezing should refer to the existence of nonclassical correlations among the qubits ͓16͔. Indeed, the criterion ͑20͒ provides a rigorous proof for this intuitive picture, as, on one hand, if the condition ͑2͒ is satisfied, then the inequality ͑20͒ is satisfied as well, since in this particular case ͗J n ͘ = 0 and J = N / 2. Hence, spin-J squeezed states possess two-qubit entanglement ͓18͔. On the other hand, if we broaden the standard definition of spin squeezing ͑2͒ and allow the direction n to be arbitrary, then we also obtain the converse statement: the condition ͑20͒ implies the existence of a spin component J n , such that ͗⌬J n 2 ͘ Ͻ J / 2. Note, however, that from the condition ͑20͒ it does not follow that the direction of squeezing n is orthogonal to ͗J͘. Thus, we obtain a more general type of squeezing. In Sec. IV, we will show somewhat extreme examples of state, for which n is actually parallel to the mean spin.
III. DETECTION OF TRIPARTITE ENTANGLEMENT
In the previous section, we have shown that the presence of bipartite entanglement is detected by the second-order moments of the total spin. Given our methods, it is natural to expect that the tripartite entanglement should be detectable by third-order moments of J. In this section we derive the corresponding generalized squeezing inequalities in the most generic form, valid for arbitrary quantum states of systems of qubits.
As in Sec. II, we begin with considering symmetric states first. Recall that the PPT criterion still works for the tripartite reductions abc of such states ͓22͔, and there are two families of potential negative-eigenvalue vectors of abc
Here, matrices A , B SL͑2,C͒, U SU͑2͒, and
The action of SL͑2,C͒ on the Pauli matrices in the decomposition of ͉͉͗͘ T 1 now induces restricted, i.e., orientation and time-orientation preserving, Lorentz transformations:
͑Greek indices run through 0…3͒, and the PPT condition takes the following form:
for the GHZ family ͑21͒, and ͓28͔
for the W family ͑22͒. Here, R is the four-dimensional embedding of the rotation generated by U from Eq. ͑22͒, and the parentheses around indices denote symmetrization, e.g.,
Note that the relativistic notation is used only for our convenience. We could have as well put all the indices at the same level as we are not going to lower or rise them with the Minkowski metric.
Next, we sum the inequalities ͑24͒ over all triples of qubits:
, just like we summed the inequalities ͑12͒ in Sec. II,
Because of the symmetry condition ͑3͒, we can rewrite Eq. ͑27͒ as follows:
and observe that due to the action of P, we can substitute
␥͒ . This finally allows us to rewrite Eq. ͑28͒ with the total spin operators J i ͑supplemented by an artificial "time component" J 0 = ͑N /2͒1 for compactness of the notation͒, because of the identity
͑29͒
The symmetrization above is taken with respect to ␣␤␥ and ␥ separately, and square brackets around Greek indices denote antisymmetrization, e.g.,
␣ . Substituting Eq. ͑29͒ into Eq. ͑28͒ leads us to the followings ͓29͔:
Criterion for tripartite entanglement. A symmetric state possesses genuine tripartite entanglement iff there exist two restricted Lorentz transformations ⌳, L, or a restricted Lorentz transformation ⌳ and a rotation R, such that
holds, with K ␣␤␥ given by Eq. ͑25͒ or ͑26͒.
For a general state , we could, as in Sec. II generate a sufficient entanglement condition by applying the same witness ͉͉͗͘ T 1 , with ͉͘ given by Eq. ͑21͒ or ͑22͒, to all tripartite reductions abc . However, then we cannot use the symmetry arguments as we used in Eq. ͑28͒, and directly apply the identity ͑29͒. Instead, we construct from the families ͑21͒ and ͑22͒ different witnesses, given for the W family ͑22͒ by
͑we have omitted tensor product signs, , for compactness͒, and analogously for the GHZ family ͑21͒. We then apply the witnesses ͑31͒ to all tripartite reductions of , which effectively leads to the substitution of K ␣␤␥ by K ͑␣␤␥͒ in Eq. ͑27͒
͓30͔. Hence, we can use Eq. ͑29͒ again and arrive at the condition ͑30͒. The price to pay, apart from the mere sufficiency of the condition ͑30͒, is that the witnesses ͑31͒ make no distinction between biseparable tripartite reductions ͑which now are not forbidden by the symmetry͒ and genuine three-qubit entangled ones, and hence, the inequality ͑30͒ indicates only general three-qubit entanglement. However, note that the set of all biseparable states is closed, and hence, each genuine three-qubit entangled state possesses an open neighborhood consisting of only genuine three-qubit entangled states. Thus, the criterion ͑30͒ also detects genuine three-qubit entangled states in some open vicinity of symmetric states, but the size of this vicinity is a priori not known ͓the same remark applies to the criterion ͑20͒ as well͔. We will partially solve this drawback using another witnesses in Sec. VI.
IV. AN EXAMPLE: DICKE STATES
There exists a famous and experimentally accessible family of symmetric states, called Dicke states ͓24͔ Dicke states correspond ͑in spin-1 2 language͒ to a fully symmetric flip of k out of N spins. Such states appear in many physical processes, such as superradiance, superfluorescence. As we already mentioned, they can also be realized with photons ͑where the qubits are encoded in the polarization degree of freedom͒ or trapped ion systems ͑where the qubits correspond to two internal states of ions͒. In this section, we specify and apply our general results of the previous sections to the Dicke states. We explicitly construct for ͉⌿ N,k ͘ the inequalities ͑18͒ and ͑30͒. In particular, we derive all necessary expressions for the analysis of the experimental data on seven-and eight-qubit W states, which we will perform in Sec. V.
For practical reasons, we choose the number of excited qubits k to be smaller than the integer part of N / 2. Also note that alternatively the states ͑32͒ can be defined as the eigenstates of the total angular momentum
͑34͒
We first consider two-qubit entanglement. The reduced two-qubit density matrices all have the following form: 
and the coefficients are given by the following binomials:
In the basis ͉00͘, ͉11͘, ͉01͘, ͉10͘, the partially transposed matrix 2 T 1 is given by 
͑38͒
In the generic case, when all the constants from Eqs. ͑37͒ are nonzero, 2 T 1 has one negative eigenvalue
as c 0 c 1 − c + 2 Ͻ 0, and hence, the states ͑32͒ possess bipartite entanglement. The normalized eigenvector corresponding to − is given by
We see that ͉͘ is already in the Schmidt decomposed form with respect to the chosen basis, and hence, no unitary rotation U is needed. As that rotation was the only ingredient needed to construct the spin-squeezing inequalities ͑18͒ and ͑20͒ ͑because the angle is minimized over͒, we simply put k , l , n = x , y , z in them. Although in theory both inequalities ͑18͒ and ͑20͒ are equivalent and we could use the latter due to simplicity, the inequality to be measured is rather ͑18͒ as in real-life experiments one does not obtain perfectly symmetric states. Using Eq. ͑34͒ we find that for the perfect Dicke states
For the experimentally interesting examples of the sevenand eight-qubit W states ͉W 7 ͘, ͉W 8 ͘, the expressions ͑42͒ and ͑43͒ take the following values: 15.000 and 16.155, respectively, for ͉W 7 ͘; 21.000 and 22.136, respectively, for ͉W 8 ͘.
Let us now proceed with the analysis of tripartite entanglement. All tripartite reductions are of the form
where ͉W 3 Ј͘ =1/ ͱ 3͉͑011͘ + ͉101͘ + ͉110͒͘, and
͑46͒
In the basis ͉000͘, ͉110͘, ͉101͘, ͉010͘, ͉001͘, ͉111͘, ͉100͘, ͉011͘, the partially transposed matrix 3 T 1 reads 
͑47͒
In the generic case, it has two negative eigenvalues
͑because 0 Ј Ͻ 2 and 1 Ͻ Ј 2 ͒, and thus the states ͉⌿ N,k ͘ possess tripartite entanglement as well. Since there are two generically different negative eigenvalues, there will be two different spin-squeezing inequalities ͑30͒. As before, we will generate them from the eigenvectors corresponding to − and − Ј, which read
where
The vectors ͑50͒ and ͑51͒ are not normalized, as the norm is irrelevant for the PPT condition ͑24͒. After proper rescaling, ͉͘ and ͉Ј͘ can be rewritten in the desired form ͑22͒
where A , AЈ SL͑2,C͒ are defined as follows:
Before we proceed with the construction of the inequalities ͑30͒, let us note that having the explicit forms of the negative eigenvalues and the corresponding eigenvectors of 3 T 1 , it is straightforward to calculate the sum over all triples of qubits ͑24͒. It is just given by
͑58͒
for − and ͉͘, and by the analogous expression for − Ј and ͉Ј͘. However, our goal here is to express Eq. ͑58͒ using total angular momentum, in order to make it experimentally available and connect it with the spin squeezing. Hence, following the procedure described in Sec. III, we first have to find the Lorentz transformations and rotations generated by matrices from Eqs. ͑54͒ and ͑55͒. These transformations are the following: matrix ͑56͒ generates, according to Eq. ͑23͒, the rotation by around y axis, followed by a boost along z axis,
Obviously, the identity operator 1 from Eq. ͑54͒ generates the trivial rotation; thus, we have in this case R = 1. Matrix ͑57͒ generates the rotation by around z axis, followed by a boost along it
whereas x from Eq. ͑55͒ generates the rotations by around x axis in the spaces of the second and the third qubit. Next, from the matrices ⌳͑A͒, R = 1, and ⌳͑AЈ͒, R͑ x ͒, we construct two copies of the tensor K ␣␤␥ , according to Eq. ͑26͒. Finally, having K ␣␤␥ , we construct the corresponding parameters X͑⌿ N,k ͒, defined in Eq. ͑30͒, and check the threequbit spin-squeezing inequalities. The resulting expressions are lengthy but straightforward, and hence, we will omit them here. Let us stress that for the ideal, generic Dicke states we obtain two independent inequalities, and both of them must be satisfied. Figure 1 shows the plots of X͑⌿ N,k ͒ as a function of N and k ͓31͔.
Let us now analyze the N-qubit W states ͉W N ͘ of Eq. ͑33͒. In this case, from Eqs. ͑45͒ and ͑46͒ we see that 0 = N −3, = 1, and 1 = Ј = 0. Substituting these constants into Eqs. ͑48͒ and ͑49͒, we obtain that there remains only one negative eigenvalue of 3 T 1 given by − . As a consequence, states ͉W N ͘ 
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lead to only one spin-squeezing inequality, generated by the matrix ⌳͑A͒ from Eq. ͑59͒ and the trivial rotation R = 1. The parameter ␣ from Eq. ͑60͒ is now equal to
For the state ͉W 7 ͘, we obtain from the corresponding formulas, that 
We then calculate the parameter X͑ ͒ as if the state ͑67͒ were an experimental output: we calculate the averages of the spin operators in Eq. ͑30͒ using the density matrix ͑67͒, while plugging the tensor K ␣␤␥ calculated for the ideal Dicke states. Thus, X͑ ͒ = pX͑⌿ N,k ͒ + ͑1− p͒X͑1 /2 N ͒. The results for the states ͉W 7 ͘ and ͉W 8 ͘ are presented in Fig. 2. 
V. EXPERIMENTAL RESULTS
The aim of this section is to apply the tools developed in Sec. IV to the recent experiment of Ref. ͓13͔. In this experiment, seven-and eight-qubit W states have been produced in an ion trap, dedicated to quantum information processing ͓25͔. We begin this section by presenting necessary details of the experiment, and follow by applications of our generalized squeezing inequalities.
A. Description of the experiment
Strings of up to eight 40 Ca + ions are held in a linear ion trap capable of storing the ions for several days, a time sufficiently long for creating an entangled state more than 10 6 times. The qubits are encoded in superpositions of the S 1/2 ground state and the metastable D 5/2 state of the Ca + ions ͑lifetime of the D 5/2 level: Ϸ 1.16 s͒. For the atomic level scheme, we refer to Fig. 3͑a͒ . Each ion in the linear string is individually addressed by a series of tightly focused laser pulses on the ͉1͘ϵS 1/2 ͑m j =−1/2͒ ↔ ͉0͘ϵD 5/2 ͑m j =−1/2͒ quadrupole transition with narrowband laser radiation near 729 nm. Depending on its frequency, the laser couples either the states ͉n͘ m ͉1͘ ↔ ͉n͘ m ͉0͘ ͑carrier pulse͒ or the states ͉n͘ m ͉1͘ ↔ ͉n +1͘ m ͉0͘ ͓blue sideband pulse, laser detuned by + z with respect to the atomic transition, see Fig. 3͑c͔͒ . Here, n denotes the vibrational quantum number of the ion string's center-of-mass motion. Via sideband cooling and optical pumping, the ions are prepared in the ͉0͘ m ͉11¯1͘ state.
The N-ion W states ͑b͒ Schematics of the two lowest levels of the harmonic oscillator describing the bus mode. ͑c͒ Joint energy level diagram of the electronic qubit levels ͕͉1,͉0͖͘ and the phonon numbers of the ion's motional mode used for entanglement generation ͕͉0͘ m , ͉1͘ m ͖. Carrier transitions are marked as solid arrows, the blue sideband transition as a dashed arrow. Note that the ͉0͘ m ͉0͘-level does not couple to the blue sideband.
͑note the reverse ordering of the qubits͒ are created by applying the sequence of laser pulses shown in Table I to the ions. First, the ͉0͘ m ͉111¯1͘ state is prepared by N pulses on the carrier transition applied to ions number 1 and number ten. Then, laser light coupling the ͉1͘ state resonantly to the short-lived excited state P 1/2 projects the ion string on the measurement basis. Absence of fluorescence reveals whether all ions were prepared in ͉0͘. Similarly, we test the motional state with a single blue pulse. Absence of fluorescence during a subsequent detection period indicates ground-state occupation. This initialization procedure can be viewed as a generalized optical pumping with the target state ͉0͘ m ͉11…1͘. If both checks were successful ͑total success rate ജ0.7͒, we continue with the ͉W͘ preparation at step ͑i3͒ in Table I to create the state ͉0͘ m ͉10…0͘. The entangling procedure starts by moving most of the population to the ͉1͘ m ͉000…0͘ with a blue sideband pulse of pulse area N = 2arc cos͑1/ ͱ N͒ leaving 1 / N of the population back in ͉0͘ m ͉100…0͘. Now, W states are efficiently generated by redistributing the ͉1͘ m ͉0¯0͘ state population equally among the states ͉0͘ m ͉0...01 i 0...0͘ i =1...N − 1. This is achieved by N − 1 blue-sideband pulses of pulse length i = 2 arcsin͑1/ ͱ N − i͒. Note that for an ion string in the motional ground state, blue-sideband pulses acting on an ion in the ͉0͘ state have no effect. We note that this production method scales quite advantageous, as the required sideband pulse area increases only logarithmically. Therefore, even large W-states can be created quite efficiently.
Furthermore, the space spanned by the states ͉ i ͘ from Eq. ͑68͒ is decoherence-free with respect to the collective dephasing, which is the main decoherence mechanism in the setup ͓32͔. Therefore, the W states are quite robust and live long. In addition, even during the creation of a W state, the energy difference between all superpositions never exceeds more than the one of a single qubit. Thus, the requirements to laser frequency and magnetic field noise for a high-fidelity generation of W states are rather modest. We discuss the imperfections in a separate section below.
B. State tomography
Information about the N-ion quantum state is obtained by exciting the ion string on the S 1/2 ↔ P 1/2 transition ͓see Fig.  3͑a͔͒ , and detecting the ion's fluorescence spatially resolved with a CCD camera state ͓25͔. The measurement of an ion's fluorescence amounts to measuring the Pauli matrix z , if ͉0͘ and ͉1͘ are identified with the eigenstates of z . The measurement of x ͑ y ͒ is accomplished by applying a suitable /2 carrier pulse to the ion prior to the state detection ͓33͔.
To verify the entanglement of the produced state, a measurement of a witness operator, yielding a negative expectation value, would be sufficient, in principle. However, the optimal witness is a priori not known. Therefore, it can be advantageous to get as much information as possible about the produced quantum state. Full information on the N-ion entangled state is obtained via quantum state reconstruction. For this, we expand the density matrix in a basis of observables and measure the corresponding expectation values. For the basis, we choose tensor products of Pauli matrices: N i N ... 1 i 1 ͑note the reverse ordering͒. We use 3 N different bases and repeat the experiment 100 times for each basis. For N = 8, we need thus 656 100 experiments and a total measurement time of 10 h. We follow the iterative procedure outlined in Ref. ͓34͔ for performing a maximum-likelihood estimation of . Other reconstruction methods would also be TABLE I. Creation of a ͉W N ͘ state ͑N = ͕6,7,8͖͒. The numbers within the state vector refer to the phonon excitations of the centerof-mass mode of the ion crystal. The electronic states are labeled ͉1͘ and ͉0͘. R n c ͑͒ denotes a carrier pulse of length applied to the ion n, R n + ͑͒ a blue-side-band pulse. ͑i1͒,…, ͑i3͒ mark initialization steps, ͑1͒, …, ͑N͒ the actual entangling steps. Note that we count the atoms from right to left.
Check state via fluorescence ͑i2͒
possible ͓35͔. The procedure ensures also positivity of the reconstructed matrix. The resulting matrix for the state ͉W 7 ͘ is displayed in Fig. 4 , the numerical values are published in the on-line material of Ref.
͓13͔.
A Monte Carlo simulation is used to estimate uncertainties in the density matrix elements, and in quantities derived from it, that are due to quantum noise in the statereconstruction measurements: starting from the reconstructed density matrix, we simulate the measurement process and reconstruct up to 100 times the density matrix from these simulated measurements. From the set of reconstructed density matrices, the spread in the expectation values of the observable of interest can be estimated. For density matrices close to pure states, we observe that the purity of the reconstructed matrices often slightly decreases ͑for the ͉W͘ states by ϳ2%͒. Therefore, we conclude that the reconstruction process rather underestimates the entanglement in the experimentally produced quantum states.
C. Experimental imperfections
For an investigation of the experimental imperfections and scalability, we simulate the preparation procedure by solving the Schrödinger equation with the relevant imperfections.
The four major sources of deviations from the ideal W states are addressing errors, imperfect optical pumping, nonresonant excitations, and phase noise ͑laser frequency and magnetic field noise͒. For the large W states, we approximate the ions as two-level systems and include only the first three levels of the center-of-mass excitation. For a serious analysis of the imperfections, this is by no means sufficient as, e.g., no environment is included. Still the simulation time for the generation of a ͉W 8 ͘ state under these idealized conditions is already 20 min on a 3 GHz processor using MATLAB. As the computational time for the simulations scales with 4 N , it is quite demanding to include a reasonable environment or even use a density matrix approach.
The fidelity reduction of ͉W 6 ͘ for the different imperfections are as follows: 0.1 ͑addressing error͒, 0.07 ͑off-resonant excitations͒, 0.04 ͓laser frequency noise ͑200 Hz rms͔͒. We note here that as opposed to, e.g., experiments on teleportation ͓36͔ or the Cirac-Zoller controlled-NOT ͓25͔, phase noise ͑caused by the laser frequency noise or magnetic field noise͒ contributes here much less. Another possible error source is imperfect ground-state cooling. Intensity noise of the 729 laser ͑⌬I max / I Ϸ 0.03͒ does not contribute significantly. Finally, we experimentally observed nonideal optical pumping, which can result in a reduction of 0.02 of the fidelity per ion. For N ജ 6, we therefore minimize the errors due to optical pumping and a part of the addressing errors by checking the initialization procedure with a detection sequence ͑see Table I͒ . Because of these improvements, the addressing error reduces the fidelity of the ͉W 6 ͘ state by only 0.05 and the optical pumping errors are basically excluded. Furthermore, we switched the blue-sideband pulses adiabatically with respect to the trap frequency, such that Fourier components at the carrier transition do not lead to off-resonant excitations. Taking this situation into account, the fidelity should be of the order of 0.91. Even though it is hard to estimate the expected fidelity for N = 8, it seems that the discrepancy between the model and the experiment is even larger for N = 8. A small part of these discrepancies could be due to the quantum projection noise in the measurement process as described in the section on state tomography. However, looking at the density matrices in detail, we observe that the ͉000…0͘ state seems always quite strongly populated, especially for large N. Thus far, we have no good explanation for this. 
D. Evaluation of the data
In Ref. ͓13͔, it has already been shown that the states are genuine multipartite entangled, multipartite distillable, and also that all the reduced two-qubit states are entangled. Now we want to apply our criteria to the experimental density matrices ex .
We begin with the seven-qubit states. In this case, the fidelity of the produced states was F 7 = 0.763. To check the presence of bipartite entanglement, we use the inequality ͑18͒ rather than ͑20͒, as the experimental states are not symmetric due to the experimental imperfections described in Sec. V C According to the theoretical analysis of Sec. IV ͓c.f. formula ͑40͔͒, the frame directions k , l , n = x , y , z. We find that:
which clearly proves the presence of bipartite entanglement in the produced states. Let us move to the tripartite entanglement. We evaluate X͑ ex ͒ using the Lorentz matrix ͑65͒. We find that:
and hence, the spin-squeezing inequality ͑30͒ is fulfilled. However, as we mentioned at the end of Sec. III, the validity of the inequality ͑30͒ only proves the presence of some form of tripartite entanglement and a priori we do not know if it is genuine three-qubit entanglement. Let us now discuss the eight qubit case. Here, the experimentally reached fidelity was F 8 = 0.7215. The evaluation of the bipartite criteria yields: Thus, both criteria detect entanglement again.
VI. SIMPLIFIED CRITERIA FOR THE THREE-QUBIT ENTANGLEMENT
The general form of squeezing inequalities of Secs. II and III is complicated and remains such even when specified to Dicke states. It is therefore desirable to derive alternative inequalities, which are weaker, but have a simple form. In fact, in Ref. ͓19͔ it was proposed to use less general witnesses, developed in Ref. ͓37͔, than those provided by the PPT criterion for the 3-qubit case:
where now we allow the vectors ͉GHZ 3 ͘ and ͉W 3 ͘ to be defined in an arbitrary frame k , l , n, the same for all three qubits. Apart from the simplicity, the advantage of such an approach over the general criterion ͑30͒ is that the above witnesses detect genuine three-qubit entanglement in generic states.
We derived the spin-squeezing inequalities corresponding to W GHZ , W W 1 , W W 2 using the same technique as in Sec. III: we expressed the sums,
with the total spin operators ͑1͒. However, instead of using the general formula ͑29͒, we explicitly calculated the occurring products of Pauli matrices ͓or in other words we used special cases of Eq. ͑29͔͒. This led us to the following sufficient criteria for the GHZ-type entanglement ͓39͔
and for the GHZ or W type entanglement
͑77͒
The witnesses ͑71͒-͑73͒ still have a disadvantage that in the sums ͚ ͗abc͘ W abc , the identity gives the dominant contribution, and hence, the bigger the system the less sensitive the witnesses become. One possible method to partially overcome this problem is to project the witnesses ͑71͒-͑73͒ onto the symmetric subspace of the space of three qubits: W GHZ = 3 4 P 3 − ͉GHZ 3 ͗͘GHZ 3 ͉, ͑78͒
W W 1 = 4 9 P 3 − ͉W 3 ͗͘W 3 ͉, ͑79͒
W W 2 = 1 2 P 3 − ͉GHZ 3 ͗͘GHZ 3 ͉, ͑80͒
where P 3 = ͉000͗͘000͉ + ͉111͗͘111͉ + ͉W 3 ͗͘W 3 ͉ + ͉W 3 Ј͗͘W 3 Ј͉.
͑81͒
The factor 4 9 in the definition ͑79͒ is the maximum overlap between ͉W 3 ͘ and symmetric separable states ͑there are no symmetric biseparable states due to the symmetry͒ ͓38͔. The criteria that such improved witnesses lead to read, respectively, 
VII. CONCLUSIONS
We develop in more detail the method of detecting entanglement in multiqubit systems, first introduced in Ref.
͓19͔, and apply it to the output of the recent ion trap experiment from Ref. ͓13͔. We also present some details regarding that experiment. The detection method is based on the use of entanglement witnesses together with the concept of spin squeezing. We show, in detail and on the example, how to obtain sufficient ͑or necessary in sufficient for symmetric states͒ entanglement criteria for detecting two-and threequbit entanglement ͑or genuine three-qubit entanglement for symmetric states and states sufficiently close to them͒. We use them to analyze concrete experimental data. We also provide a mathematically exact justification for the intuitive picture linking the presence of spin squeezing with the nonclassical two-qubit correlations in the system. Therefore, our criteria generalize the standard notion of spin squeezing as the measure of entanglement in multiqubit systems.
As the concrete example, we study the family of Dicke states and show step by step, how our method works in practice. We obtain ready-to-use expressions ͑65͒ and ͑66͒ and then apply them to the study of the experimentally generated seven-and eight-qubit atomic W states from Ref. ͓13͔. In the experimental part, we explain in detail the full state-creation algorithm ͑Table I͒ and the state tomography procedure used in the experiment from Ref. ͓13͔. We also present the reconstructed seven-qubit W state in Fig. 4 and provide the analysis of the experimental imperfections.
Finally, we provide improved sufficient criteria-Eqs. ͑82͒-͑84͒, detecting genuine three-qubit entanglement, suitable for macroscopic systems.
